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Abstract 
This paper develops a five degrees of freedom (5-DOF) model for aeroengine spindle dual-rotor system dynamic analysis. In 
this system, the dual rotors are supported on two angular contact ball bearings and two deep groove ball bearings, one of the 
latter-mentioned bearings works as the inter-shaft bearing. Driven by respective motors, the dual rotors have different co-rotating
speeds. The proposed model mathematically formulates the nonlinear displacements, elastic deflections and contact forces of 
bearings with consideration of 5-DOF and coupling of dual rotors. The nonlinear equations of motions of dual rotors with 5-DOF 
are solved using Runge-Kutta-Fehlberg algorithm. In order to investigate the effect of the introduced 5-DOF and nonlinear dy-
namic bearing model, we compare the proposed model with two models: the 3-DOF model of this system only considering three 
translational degrees of freedom (Gupta,1993, rotational freedom is neglected); the 5-DOF model where the deep groove ball 
bearings are simplified as linear elastic spring (Guskov, 2007). The simulation results verify Gupta’s prediction (1993) and show
that the rotational freedom of rotors and nonlinear dynamic model of bearings have great effect on the system dynamic simula-
tion. The quantitative results are given as well.  
Keywords: aeroengine; dual-rotor; ball bearing; nonlinear dynamics; five degrees of freedom 
1. Introduction1
The spindle dual-rotor system is very common in 
aerospace field. Because of complicated dynamics and 
coupling between dual rotors, the system features 
complicate nonlinear dynamics, which is crucial to 
stability of the aeroengine and plane. 
A spindle dual-rotor system is investigated in this 
paper. In this system, the dual rotors have co-rotating 
speeds and are connected by the intershaft bearing—a 
deep groove ball bearing. The intershaft bearing inner 
race is mounted on the low-pressure rotor while the 
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outer race is mounted on the high-pressure rotor. The 
high-pressure rotor has higher rotational speed. 
Important progress has been made on studies of dy-
namics of dual-rotor system. Early in 1975, Hibner[1]
put forward the application of the transfer matrix 
method in order to compute the critical speeds and 
nonlinearly damped response. In 1986, Li, et al.  ana-[2]
lyzed the dynamics of the dual-rotor system which was 
connected by intershaft squeeze film damper. In 1993, 
Gupta, et al.[3] studied through experiment the critical 
speeds, mode shape and unbalanced response of the 
dual-rotor system whose rotors were connected by a 
deep groove ball bearing and developed theoretically 
an extend transfer matrix procedure in complex 
variable to obtain dynamic response. The experimental 
results were in reasonable agreement with theoretical 
results in the case of two degrees of freedom (2-DOF) 
model. In 1996, Ferraris, et al.[4] made theoretical re-
search on dynamic behavior of non-symmetric coaxial Open access under CC BY-NC-ND license.
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co- or counter-rotating rotors. In his research, a 2-DOF 
model was built using finite element, and the natural 
frequency and mass unbalance responses were inves-
tigated. However, the displacements of rotors at the 
bearing points were assumed the same and calculation 
was simplified in his model (The equations can be 
solved by hand calculations). In 2007, Guskov, et al.[5]
presented a numerical 4-DOF model to study unbal-
anced response of a dual-rotor test rig system where 
two coaxial shafts were supported on deep groove ball 
bearings and connected by an intershaft bearing.  
Basing on the above works, we numerically inves-
tigated a spindle dual-rotor system with five degrees of 
freedom (5-DOF) in this study. This work differs from 
the previous work[5] in two main aspects. Firstly, the 
bearing type is different. The rotors in Ref.[5] were 
supported on deep groove ball bearings, while the ro-
tors in our work are supported on two angular contact 
ball bearings and two deep groove ball bearings. 
Therefore, besides translational degrees of freedom 
along x yˈ and rotational freedoms around x, y, we also 
consider the translational degree of freedom along z.
Secondly, Ref.[5] simplified the bearing models as 
linear elastic spring elements so it ignored the influ-
ence of nonlinear stiffness and the rotational freedoms 
of rotors. In contrast, we formulate the bearing 
nonlinear displacements, elastic deflections and con-
tact forces mathematically considering 5-DOF of the 
dual rotors. After contact forces of all the bearings are 
obtained, the equations of dual rotors motion are pro-
posed according to rotor dynamics. 
The 5-DOF model of the dual-rotor system, which 
includes nonlinear formulations of bearings, has not 
been reported in the previous work.  
In order to indicate the effect of our introduced 
5-DOF and nonlinear dynamic bearing model on the 
system dynamics, not only the proposed 5-DOF model 
but also the other two models of the system are simu-
lated simultaneously for comparison. One is 3-DOF 
model only considering three translational degrees of 
freedom, and the other is 5-DOF model where the deep 
groove ball bearings are simplified as linear elastic 
spring elements as Ref.[5] (5-DOF-Sim for short). 
2. Mathematical Model of System 
Fig.1 shows the schematic diagram of the dual-rotor 
system. The left hand of higher pressure rotor a is 
supported by two same angular contact Bearings 1, 2 
and the right hand of lower pressure rotor b is sup-
ported by two different deep groove ball Bearings 3, 4, 
where Bearing 4 is the intershaft bearing. The dual 
rotors have different co-rotating speeds. The coupling 
between the two rotors through the intershaft bearing 
is also considered in the mathematical model. 
The mathematical model follows two steps. First of 
all, the displacements, elastic deflections and contact 
forces of the bearings are calculated considering 
5-DOF of the rotors. Then the motion equations of the 
dual rotors are formulated based on rotor dynamics. 
Therefore, all the contact forces of bearings should 
be calculated firstly. For angular contact Bearings 1 
and 2, calculations of their elastic deflections and con-
tact forces only need consideration of freedoms of ro-
tor a, thus many studies about formulations of angular 
contact bearing associated with one rotor as Refs.[6]- 
[15] can provide reference for our work. In this work, 
the earliest report about formulations of angular con-
tact ball bearing under one rotor proposed by Aini[15] is 
adopted among all previous work. The calculation is 
listed out in Section 2.1. 
The calculations of deep groove ball Bearings 3 and 
4 differ from current research on some aspects. Al-
though the current calculation[5] of intershaft bearing 
considered 4-DOF of rotors, the bearing is simplified 
as linear elastic spring element and disregarded 
nonlinearity. Furthermore, the nonlinear calculation of 
deep groove ball bearing is involved in Refs.[16]-[19], 
but it only considers two translational degrees of free-
dom of the single rotor. And last but not least, Zhou 
and Chen[20] calculated the nonlinear contact force of 
intershaft deep groove ball bearing considering 2-DOF 
of rotors. In our work, not only the rotational degree of 
freedom is considered, but also the nonlinear dis-
placements, deflections and contact forces are formu-
lated mathematically. Additionally, formulations of 
Bearing 3 differ from that of Bearing 4 because Bear- 
Fig.1  Schematic diagram of dual-rotor system. 
· 226 · HU Qinghua et al. / Chinese Journal of Aeronautics 24(2011) 224-234 No.2 
ing 3 is only affected by rotor b, while Bearing 4 is 
affected by dual rotors since its inner ring is mounted 
on rotor b and outer ring is mounted on rotor a. The 
detailed formulations of deep groove ball Bearings 3 
and 4 are given in Section 2.2. 
After the contact forces of the bearings are obtained, 
the 5-DOF model of the dual-rotor system is proposed 
in Section 2.3. 
2.1. Elastic deflections and contact forces of angular 
contact Bearings 1,2 
As is mentioned above, many works about calcula-
tion of angular contact ball bearing associated with 
single rotor[6, 14-15, 21-23] can be used for calculation of 
Bearings 1 and 2. Among them the earliest one, i.e., 
the one in Ref.[15], is adopted. Fig.2 shows the ge-
ometry of the jth ball/race contact, where d is the pitch 
diameter, Oi and Oo are the centers of curvature of the 
inner and outer race grooves and move with them re-
spectively. Assuming the outer race is fixed, Oo may be 
considered as a fixed origin. Now take an auxiliary 
plane containing an axis parallel to the z axis at Oo and 
a radial axis defining the pitch angle of the ball center 
with respect to the x axis. This plane also contains the 
line OiOo=A, the initial distance between the centers of 
curvature of the inner and outer races. 
Fig.2  Geometry of jth ball/race contact. 
Fig.3 shows the relevant axes with their origin at Oo.
Thus, starting at Oi (zero load), Oi will move to (Oi)1
under the preload with the contact angle Dp and pre-
load deflection Gp. Under the external load axial com-
ponent, Oi will move to (Oi)2; under the radial load 
component, Oi will move to its final position (Oi)3. The 
final contact angle is Di. The calculation of deflections 
and contact forces between race and contacting ball is 
formulated in Appendix A. 
Fig.3  Deflections of jth ball /race contact. 
2.2. Elastic deflections and contact forces of deep 
groove ball Bearings 3,4 
As is explained above, Bearing 3 is a support for 
rotor b, while Bearing 4 is not only a support for rotor 
b but also an intershaft bearing for the system. Thus, 
calculation of Bearing 3 needs only consider 5-DOF of 
rotor b, but that of Bearing 4 must consider rotor a and 
rotor b simultaneously. The elastic deflections and 
contact forces of Bearings 3 and 4 are formulated re-
spectively as follows. 
The outer ring of bearing 3 is fixed and the inner 
ring is mounted on rotor b. Fig.4 shows the deflection 
of Bearing 3 caused by rotational freedom. 
Fig.4  Deflection of deep groove ball Bearing 3 caused by 
rotational freedom. 
As is shown in Fig.4, point PA is the initial contact 
point between the inner ring and the ball without con-
sideration of rotational freedom of rotor b. After rotor 
b has the rotation angle around y axis, point PA moves 
to point PB causing the displacements dx and dz. The 
displacements dx and dz can be obtained as 
d sin cos cos sin sin
d cos cos cos sin sin
b b
b b
x l l l
z l l l
E I E I E
E I E I E
   ½¾   ¿
   (1) 
Since angle IbM is very small, cos IbĬ1 and 
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3 3d sin , d sinb b bx L z dI I          (2) 
Only radial deflection dx is considered in this work 
while the axial deflection dz is neglected. In a similar 
way the displacements caused by rotation angle )b can 
be obtained. As the translational displacement of rotor 
xb and yb is considered comprehensively, the relative 
displacements of the inner race relative to outer race in 
Bearing 3 can be calculated as 
ir
ir
3 3
3 3
sin
sin
o b b b
o b b b
X x L
Y y L
)
I
  ½°¾  °¿
          (3) 
And also the relative displacements are related to 
the ball location angles. The location angle of jth ball 
in Bearing 3 is obtained as 
3 3c 3 32 / ( 1,2, , )j t j N j NT :  S  "     (4) 
where : 3c is the rotational speed of the cage of Bear-
ing 3 and N3 is the number of rollers of Bearing 3. 
Next, the deflection between the jth ball and the inner 
ring can be obtained considering the initial clearance J3
as
ir ir3 3 3 3 3 3
cos sinj o j o jX YG T T J         (5) 
Then the contact force between the jth ball and the 
inner ring can be calculated using the deflection ob-
tained above and contact stiffness. The sum contact 
forces of all the balls are the supporting force of the 
Bearing 3 acting on rotor a. The calculation is detailed 
in Appendix A. 
Calculation of elastic deflections and contact forces 
of intershaft Bearing 4 should consider 5-DOF of dual 
rotors since its outer race and inner race are mounted 
on rotor a and rotor b respectively. The relative dis-
placements between the inner and outer race can be 
obtained after their displacements are calculated. Then 
the contact forces are calculated using the deflections 
and contact stiffness. It should be noted that we as-
sume the force from Bearing 4 acting on rotor b is 
equal to that on rotor a in this work. That is, the iner-
tia, centrifugal force and gyroscopic effect of Bearing 
4 are neglected in this study.  
With 5-DOF of rotor b considered, the displace-
ments of the inner ring can be obtained as 
ir
ir
4 4
4 4
sin
sin
o b b b
o b b b
X x L
Y y L
)
I
  ½°¾  °¿
            (6) 
With 5-DOF of rotor a considered, the displace-
ments of the outer ring can be obtained as 
or
or
4 4
4 4
sin
sin
o a a a
o a a a
X x L
Y y L
)
I
  ½°¾  °¿
            (7) 
where xa, ya, ҏ Ia, ҏ )a, xb, yb, ҏ Ib, ҏ )b, are translational dis-
placements and rotation angles of rotor a and rotor b
respectively. Other parameters are shown in Nomen-
clature. Fig.5(a) shows that the location angle of the 
jth ball varies with time and is related to rotational 
speeds of inner and outer races (rotor a and rotor b). It 
can be obtained as 
4 4c 4 42 / ( 1,2, , )j t j N j NT :  S  "      (8) 
where :4c is the rotational speed of the cage of Bear-
ing 4 and N4 is the number of rollers of Bearing 4. As 
is shown in Fig.5(b), the following can be obtained:  
4ir 4or
4c
4ir 4or
b ad d
d d
Z Z:               (9) 
where Za and Zb are angular velocities of rotor a and 
rotor b, d4ir and d4or are diameters of inner and outer 
race of Bearing 4 respectively. Based on the dis-
placements of the inner and outer races and the initial 
clearance J4, the deflections between the jth ball and 
the races can be calculated as 
4i 4 4 4[ sin ( sin )]cosb b b a a a jx L x LG ) ) T    
4 4 4 4[ sin ( sin )]sinb a b a a a jy L y LI I T J   
(10)
Fig.5  Deep groove ball Bearing 4.
The supporting forces of Bearing 4 can be calcu-
lated through the deflections and the contact stiffness 
obtained above. The calculation is detailed in Appendix 
A.  
2.3. Proposed mathematical model of dual-rotor system 
We propose the 5-DOF model of the dual-rotor sys-
tem based on the aforementioned calculation of elastic 
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deflections and contact forces of bearings. Compared 
with the previous works[3, 5], the system model is ex-
tended to 5-DOF. The following assumptions are made 
as Ref.[5]. 
(1) All the balls are massless, i.e. their centrifugal 
forces and gyroscopic effects are all neglected. 
(2) The intershaft Bearing 4 is massless, so its sup-
porting force acting on rotor a is equal to that on rotor 
b but opposite in direction. 
(3) All balls are positioned equi-pitched around the 
inner ring and there is no interaction between them. 
(4) The initial clearances of Bearings 1 and 2 are 0, 
and the initial clearances of Bearings 3 and 4 are 
shown in Table 1. 
(5) The shafts are rigid and there is no elastic de-
flection happening. 
The equations of the dual rotor motions for 5-DOF 
can be derived as follows. 
1 2 4
1 1 1 2 2 2 4 4 r
1 1 1
cos cos cos cos cos
N N N
a a j j j j j j j j a a
j j j
M x W W W M g FD T D T T
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where, Eqs.11(a)-(c) describe the translational motions 
of rotor a along x-axis, y-axis, z-axis; Eqs.11(d)-(e) 
state the rotary motions of rotor a around x-axis and 
y-axis; Eqs.11(f)-(g) are description of the translational 
motions of rotor b along x-axis and y-axis; Eqs.11(h)- 
(i) state the rotary motions of rotor b around x-axis and 
y-axis respectively. 
Ma, Mb are masses of rotor a and rotor b respec-
tively; Iax, Iay, Ibx, Iby are moments of inertia of rotor a
and rotor b around x-axis, y-axis; W1j, W2j, W3j, W4j are 
loads of jth ball of Bearing 1, 2, 3 and 4 respectively;ҏ
D1j, D2j are contact angles of jth ball of Bearing 1 and 2 
respectively; La1, La2, La4, Lb3, Lb4 are distances be-
tween the bearings and the centers of gravity of rotors 
as shown in Fig.1; Far, Faa are force effects on rotor a
in the radial and axial directions; Fbr is force effect on 
rotor b in the radial direction. Appendix A details their 
calculation.
3. Numerical Simulation Results 
The numerical simulation is aimed at illustrating the 
effects of additional consideration of the 5-DOF and 
the nonlinear dynamic bearing model. Comparison 
between the simulation results of 5-DOF and 3-DOF is 
for the purpose of illustrating the effect of additional 
consideration of rotational degrees of freedom. Com-
parison between the simulation results of 5-DOF model 
and 5-DOF-Sim aims to indicate the effect of intro-
duced nonlinear dynamic bearing model. 
Note that the proposed model is compared with the 
5-DOF-Sim model rather than the 4-DOF model in 
Ref.[5]. In Ref.[5], only deep groove ball bearings are 
adopted and the axial translational DOF is not con-
cerned. However, two angular contact ball bearings are 
used in our system and the axial translational degree of 
freedom should be considered additionally in this 
work.
Three models mentioned above are all solved by 
Runge-Kutta-Fehlberg algorithm and the responses are 
obtained. The integral initial values for 5-DOF model 
and 5-DOF-Sim model are expressed as 5-DOF0X =
5-DOF-Sim
0X ={1u106, 1u10, 1u10, 1u106,1u10,1u
10,1u10,1u10,1u10,0,0,0,0,0,0,0,0,0} and inte-
gral initial values for 3-DOF model are 3-DOF0X ={1u
106,1u10,1u10,1u106,1u10,0,0,0,0,0}. Table 1 
shows the parameter values adopted in the simulation. 
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Table 1  Data used in simulation
Parameter Value 
Mass/kg Ma=15, Mb=13.47 
Angle/( o) D0=15 
External force/N Far=40, Faa=200, Fbr=0
Moment of  
inertia/(kJ·m2)
Iax=Iay=0.084 5, Ibx=Iby=0.627, Iaz=0.018 8, 
Ibz=0.016 8
Distance/m La1=0.45, La2=0.15, La4=0.6, Lb3=0.34, Lb4=0.34
Ball number N1=N2=16, N3=20, N4=24
Stiffness/(109N·m-3/2) K3=7.063, K4=8.235
Race diameter/m d1ir=d2ir=0.112 505, d1or=d2or=0.152 459, d3ir=0.112, d3or=0.146, d4ir=0.115, d4or=0.145
Ball diameter/m D=0.02
Groove curvature 
 radius/m r1ir=r2ir=0.010 4, r1or=r2or=0.010 3
Clearance/Pm J J , J J 5
Preload/N Pa=100
Elastic modulus/GPa E=207
Poisson ratio Q 
The running environment of the algorithm is AMD 
Athlon 64 CPU with main frequency of 2 GHz, mem-
ory of 1 GB. The programming languages are MAT-
LAB and C. 
3.1. Effects of additional considered rotational free-
dom
In order to verify the effects of the additional con-
sideration of rotational freedoms of the rotors, the 
simulation results of 5-DOF model are compared with 
3-DOF model. In both models, no bearing is simplified 
as linear elastic spring element. The rotational speed of 
rotor b n2 is 4 000 r/min and the speed of rotor a n1
varies from 4 800 r/min to 6 400 r/min in the simula-
tion. Fig.6 shows the obtained amplitudes of the dual 
rotors.
Great differences between the simulation results of 
5-DOF and 3-DOF are shown in Fig.6. The change 
range of amplitudes of 5-DOF model is larger and its 
amplitude values are bigger than those of 3-DOF. Table 
2 presents the statistical results. 
Fig.6  Responding amplitudes of system of 3-DOF and 
5-DOF models. 
Table 2 shows that the amplitudes of the rotors in 
5-DOF model are greater than those of 3-DOF model. 
The amplitudes of rotor a and rotor b increase by 
22.76% and 22.33% respectively. Besides, the standard 
deviations of amplitudes of rotor a and rotor b in 
5-DOF model are 2.83 times and 2.45 times as large as 
those in 3-DOF model respectively. Furthermore, 
5-DOF model is more time-consuming in simulation 
than 3-DOF model because of increment of the pa-
rameters and additional calculation of nonlinear contact 
forces after the rotational freedom of the rotor is con-
sidered. 
In order to further study the effect between the dual 
rotors, let rotational speed of rotor b n2=3 000 r/min 
and the rotational speed of rotor a n1 change from 
4 800 r/min to 6 400 r/min, the amplitudes of the dual 
rotors are obtained as Fig.7(a). Comparing with the 
results in Fig.6(b), we analyze the different effects of 
rotor a on rotor b while rotor b has different rotational 
speeds.
The comparison of the results in Fig.6(b) and 
Fig.7(a) matches up to Gupta’ analysis in Ref.[3]. In 
Fig.6(b) and Fig.7(a), rotor a runs at the same rota-
tional speed while rotor b runs at different speeds of 
3 000 r/min and 4 000 r/min. This comparison shows 
the dual rotors have different amplitudes. That is rotor 
a has different effects on rotor b when rotor b has dif-
ferent rotational speeds. We can conclude that the ef-
fects between the dual rotors depend on speeds of both 
rotors. Gupta investigated a 2-DOF model of dual-rotor 
system and the results indicate that the effect of rotor a
on rotor b is independent of the speed of rotor b in 
Ref.[3] for the reason that gyroscopic moments and 
rotary inertia are neglected in his simulations. How-
ever, in our proposed model, the involved rotational 
freedom of the rotors corresponds to the consideration 
of rotary inertia. 
Fig.8 shows time domain responses of displaceme- 
nts of rotor b at n2 = 4 000 r/min and n1= 4 800 r/min, 
Table 2  Statistical amplitudes of 3-DOF model and 5-DOF model 
Amplitude of rotor a /Pm Amplitude of rotor b /Pm
Model 
Average Deviation Maximum Average Deviation Maximum 
Time/s 
3-DOF 4.92 0.41 5.53 10.31 1.13 12.11 18 
5-DOF 6.04 1.17 9.77 12.62 2.73 19.71 323 
Note˖The time index is the time it takes to obtain the response at a parameter set in the above running environment (sic passim).  
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Fig.7  Responding amplitudes of system of 5-DOF and 
5-DOF-Sim models. 
Fig.8  Time domain responses of rotors at different speeds 
of rotor a.
5 600 r/min and 6 400 r/min respectively. The results 
match up to Gupta’s analysis too. In Fig.8(a), A2< A1<
A3 and in Fig.8(b), A1>A2>A3, where A1, A2 and A3 are 
maximum amplitudes at n1= 4 800 r/min, 5 600 r/min 
and 6 400 r/min respectively. There is no definite 
change low for amplitude variations as is shown in 
Fig.6(b). In addition, speed of rotor a has greater effect 
on yb-phase than it on xb-phase.
As is mentioned above, there is complicated cou-
pling between the rotors and the bearings. Thus, the 
effects of intershaft on system dynamics differ when 
the bearing types are different and when, the rotational 
freedoms are considered additionally. Therefore, it is 
necessary to investigate the effects of the intershaft 
bearing on dynamics of the 5-DOF model. 
Let n1=12 000 r/min, n2=9 600 r/min respectively 
and the initial clearance of Bearing 4 J changes from 
5 Pm to 15 Pm. Fig.9 shows the simulation results of 
3-DOF model and 5-DOF model. 
Fig.9  Responding amplitudes of system of 3-DOF and 
5-DOF models (n1=12 000 r/min, n2=9 600 r/min).
From Fig.9(a), we find that the amplitudes of the 
dual rotors of 3-DOF model have different changing 
trends. The amplitude of rotor a has a decreasing trend 
while the amplitude of rotor b has increasing trend with 
increasing of J. When the value of J reaches 12 Pm, 
the amplitudes of the dual rotors become stationary as 
is shown in Fig.9(a), where stationary means change 
ranges of the amplitudes of dual rotors are within 
1 Pm. 
Different from 3-DOF model, the amplitude of rotor 
a in the 5-DOF model oscillates in a range. The ampli-
tude of rotor b has a larger change range and its change 
is more complicated. When the value of J reaches 
13.25 Pm, the dual rotors have a stationary range as is 
in 3-DOF model during the simulation. 
The frequency spectrums of 3-DOF and 5-DOF 
models obtained as J4=13 Pm, n1=12 000 r/min, n2=
0.8n1=9 600 r/min are shown in Fig.10. 
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Fig.10  Frequency spectra of 3-DOF and 5-DOF models.
As is demonstrated in Fig.10, the frequency spec-
trum of 5-DOF model includes the same main frequen-
cies as 3-DOF model, but its frequency division is 
more complicated because 5-DOF model introduces 
more exciting frequencies with additional rotational 
freedom. As is shown in Appendix A, the deflection 
calculations of both angular contact ball bearings and 
deep groove ball bearings have more frequency divi-
sions, such as sin I, sin ) and etc. 
3.2. Effect of nonlinearity of deep groove ball bearings 
Besides the consideration of the rotational freedom, 
the other difference between the proposed model and 
previous works[5] is the calculation of the bearings. In 
our work, nonlinear formulations of all the bearings 
with consideration of 5-DOF of the dual rotors are not 
simplified as linear elastic spring in Ref.[5]. We com-
pare simulation results of 5-DOF model with 
5-DOF-Sim model to indicate the influence of the in-
troduced nonlinearity of deep groove ball bearings. 
First of all, we investigate effects of nonlinearity of 
deep groove ball bearings on rotor amplitudes. Fig.6(a) 
and Fig.7(b) show the rotor amplitude simulation re-
sults of 5-DOF model and 5-DOF-Sim model respec-
tively, and Table 2 and Table 3 show the statistical re-
sults. 
Through comparison, we have the following find-
ings. Firstly, 5-DOF model and 5-DOF-Sim model 
have different rotor amplitude variation curves. Sec-
ondly, the nonlinear dynamic deep groove ball bearing 
model and linear model have different effects on am-
plitudes of rotors. The former decreases the amplitude 
of rotor a and increases the amplitude of rotor b. Spe- 
Table 3  Statistical amplitudes of 5-DOF-Sim model
Amplitude of rotor a /Pm Amplitude of rotor b /PmModel 
Average Deviation Maximum Average Deviation Maximum 
Time/s 
5-DOF-Sim 6.47 1.19 9.96 11.73 1.84 17.30 203 
5-DOF 6.04 1.17 9.77 12.62 2.73 19.71 323 
cifically, the amplitude average, standard deviation and 
maximum of rotor a decrease by 6.7%ˈ1.7% and 
1.9%, while these values of rotor b increase by 7.7%ˈ
48.4% and 13.9%.  
Thirdly, the rotor stationarity (standard deviation) in 
two models is different. In comparison with 5-DOF- 
Sim model, stationarity of rotor a increases (the stan-
dard deviation decreases), while stationarity of rotor b
decreases (standard deviation increases). Fourthly, in 
5-DOF model, the intershaft bearing has less effect on 
rotor a than rotor b. When it is reflected in values, the 
amplitude average, standard deviation and maximum 
values of rotor b are larger than those of rotor a. This 
is because rotor a is supported on two angular contact 
ball Bearings 1, 2 and the intershaft Bearing 4 while 
rotor b is only supported on deep groove ball Bearing 
3 and the intershaft bearing.  
Then, the effect of intershaft bearing in 5-DOF 
model and 5-DOF-Sim model is investigated. Set 
n1=12 000 r/min, n2=9 600 r/min respectively, and as-
sume that initial clearance of Bearing 4 J changes 
from 5 Pm to 15 Pm, the simulation results of 5-DOF- 
Sim are shown in Fig.11. As is shown in Fig.11 and 
Fig.9(b), the amplitudes of dual rotors in 5-DOF and 
5-DOF-Sim models display the same growth tendency 
while the J increases. However, their amplitudes reach 
maximums at different J values, J=11 Pm for 5-DOF 
model and J4=13.25 Pm for 5-DOF-Sim model. In the 
range 13.25 PmdJ4 d14.75 Pm, the dual-rotor ampli-
tudes are stationary for 5-DOF model while they os-
cillate for 5-DOF-Sim model. Moreover, for the whole 
simulation range of 5-DOF-Sim from 5 Pm to 15 Pm, 
there is no such stationary range as 5-DOF model.  
Fig.12 depicts xa-displacements and xb-displace-
ments at different initial clearances of intershaft Bear-
ing 4 in 5-DOF model. This simulation results are ob-
tained at n1=12 000 r/min, n2 = 9 600 r/min. 
At three different clearance values mentioned above, 
both xa and xb have the largest amplitude at J=15 Pm. 
However, as the J increases, the equilibrium position 
of rotor a does not have significant change (see 
Fig.12(a)) while the migration of equilibrium position 
of rotor b is significant (see Fig.12(b)). The reason is 
Fig.11  Responding amplitudes of 5-DOF-Sim model 
(n1=12 000 r/min, n2=9 600 r/min). 
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Fig.12  Time domain responses of dual rotors under differ-
ent clearance of Bearing 4. 
as follows. Rotor a is supported on Bearing 1, Bearing 
2 and intershaft Bearing 4, and so its vibration is 
mainly limited by Bearing 1 and Bearing 2. However, 
rotor b is only supported on Bearing 3 and intershaft 
Bearing 4. As J increases, rotor b has larger amplitude 
to obtain enough contact force from the bearings and 
its equilibrium position migrates as its amplitude in-
creases.
The simulation time for 5-DOF model is 1.6 times 
of that of 5-DOF-Sim model since calculation of 
nonlinear dynamic bearing models is more compli-
cated than linear dynamic models. 
4. Conclusions 
(1) A 5-DOF model of aeroengine spindle dual-rotor 
system is proposed for dynamic analysis. The pro-
posed model is compared with several previous models 
to investigate the effect of the introduced 5-DOF and 
nonlinear dynamic bearing models.  
(2) The simulation results of the proposed 5-DOF 
model accord with Gupta’s conclusions. In our pro-
posed model, the involved rotational freedom of the 
rotors corresponds to the consideration of the rotary 
inertia. Our simulation results show the effects of dual 
rotors depend on their speeds. 
(3) The dual rotors of 5-DOF model have bigger 
simulation amplitudes than those of 3-DOF model. 
The introduced rotational freedom of the rotors also 
increases the simulation amplitudes deviation (lowered 
the stationarity).  
(4) The amplitudes of 5-DOF model and 3-DOF 
model show different changing trends as the initial 
clearance of intershaft bearing increases. In 3-DOF 
model, the amplitude of rotor a has decreasing trend 
while the amplitude of rotor b has increasing trend, 
and the dual rotors have stationary amplitudes when J
is bigger than 12 Pm. In 5-DOF model, amplitudes of 
dual rotors oscillate in a certain range and have sta-
tionary amplitudes when 13.25 PmdJd14.75 Pm. 
(5) Although the main frequencies of the frequency 
spectrum of 5-DOF model are the same with 3-DOF 
model, the frequency division is more complicated. 
The exciting frequencies increase as the rotational 
freedom is considered additionally. 
(6) Compared with 5-DOF-Sim model, the rotor a
of 5-DOF model has smaller amplitude and higher 
stationarity (smaller deviation) while rotor b has big-
ger amplitude and lower stationarity (bigger devia-
tion). The rotor amplitudes of both models tend to in-
crease with the increase of J while they get their 
maximums at different J values. 
(7) Because of more complicated calculation of 
nonlinear bearing model, the simulation time of 
5-DOF model is 1.6 times and 18 times of that of 
5-DOF-Sim model and 3-DOF model respectively. 
(8) Although in the 5-DOF model, the rotational 
freedom of rotor is considered and the nonlinearity of 
the bearing is formulated considering the coupling of 
the rotors, the centrifugal force and gyroscopic effect 
of the balls are neglected. When the system runs at 
high speed, the neglected elements may play an im-
portant part in the system dynamics. This deserves 
further study. 
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Appendix A 
Calculation of the parameters of the mathematical model in Section 2.3
3/ 2
1 1 1j j jW K G , 3/ 22 2 2j j jW K G , 3/ 23 3 3j jW K G , 3/ 24 4 4j jW K G 
2 2 1/ 2
1 0 1 1 1 1 p 0 p 1 1 1 1{[ sin / 2( cos sin )] ( cos cos cos sin ) }j m a j a j j jA Z d A X Y AG D ) T I T D G D T T        
2 2 1/ 2
2 0 2 2 2 2 p 0 p 2 2 2 2{[ sin / 2( cos sin )] ( cos cos cos sin ) }j m a j a j j jA Z d A X Y AG D ) T I T D G D T T        
3 3 3 3 3 3( sin )cos ( sin )sinj b b b j b b b jx L y LG ) T I T J    
4 4 4 4 4 4 4 4[ sin ( sin )]cos [ sin ( sin )]sinj b b b a b a j b b b a b a jx L x L y L y LG ) ) T I I T J        
1 1c 12 /j t j NT :  S , 2 2c 22 /j t j NT :  S , 3 3c 32 /j t j NT :  S , 4 4c 42 /j t j NT :  S
1c 2c p
m
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a D
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Z:   ,
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Z Z:  
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where A is distance between centers of curvature of inner and outer race grooves, D and dm are ball diameter and 
pitch diameter respectively. The nonlinear stiffness coefficient K1j, K2j of angular contact Bearings 1 and 2 is a func-
tion of contact angle, which can be calculated as follows. 
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where G* can be determined from the following equations: 
If 0<F(U)<0.591 6 
2 3 41 0.000 4( ( )) 0.221 5( ( )) 0.013 5( ( )) 0.1418( ( ))F F F FG U U U U     
If 0.591 6<F(U)<0.873 66 
2 3 42.616 7 20.279 9( ( )) 43.061 5( ( )) 40.510 9( ( )) 14.642 5( ( ))F F F FG U U U U      
If F(U)>0.873 66 
2 3 4327.614 5 1883.338( ( )) 3 798.112 1( ( )) 3 269.615 4( ( )) 1 026.96( ( ))F F F FG U U U U      
The preload contact angle Dp, and the initial contact deflection G0 due to the elasticity of the Bearings 1, 2 for a 
given preload Pa can be determined by solving the following equations simultaneously using iterative New-
ton-Raphson scheme: 
3/ 2
1(2) 0 psin aN K PG D  , 00
p
cos
1
cos
A
DG D
§ · ¨ ¸¨ ¸© ¹
For deep groove ball Bearings 3 and 4, the stiffness coefficients K3, K4 are constant in the calculation. They are 
related to the material and shape of contacting objects. Their values are 7.063u109 N/m3/2 and 8.235u109 N/m3/2
respectively.
